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Abstract—This study extends the Sparse Identification of
Nonlinear Dynamics (SINDY) algorithm to the discovery of
fractional order systems. The SINDY optimization problem was
modified to incorporate candidate fractional orders in the Caputo
sense, with discretization executed using Grünwald-Letnikov
finite differences. Identification of the governing equations was
done separately for each state. Noise was handled through
weak formulation, while sparse regression was performed via
sequential thresholding. Discovery of the correct fractional orders
was done through parameter sweep. The results showed that
the algorithm was able to identify the governing equations of
the fractional order Lorenz system, but still suffered from its
inherent memory effects.

Index Terms—fractional order systems, SINDY, system identi-
fication

I. INTRODUCTION

Fractional order systems, also known as non-integer order
systems, are systems described by fractional-order differential
equations, where the order of differentiation is a non-integer
value. These systems exhibit more complex behaviors than
classical systems, such as long-term memory and non-locality
[1]. Because real systems are not exactly integer order, frac-
tional order models have found applications in many fields,
including control engineering, signal processing, physics, and
finance. They have also been used to accurately model a wide
range of phenomena that are indescribable through integer-
order equations including electrochemical processes [2] [3],
viscoelasticity [4], biological systems [5] [6], chaotic systems
[7], and energy storage devices such as supercapacitors and
batteries [8] [9] [10]. Additionally, they can also be used to
model even systems composed exclusively of a large number
of integer order devices [11].

As noted in [12], the data-driven identification of unknown
FO systems is significantly more complicated compared to
the identification of integer order systems because the former
has an additional step of choosing the correct order for
the fractional operators. Identification techniques that rely
on time-domain methods [13], continuous-order distributions
[12], and genetic algorithms [14] have been developed for this
purpose. However, it appears that the use of sparsity promoting
techniques has not yet been explored.

In 2016, the Sparse Identification of Nonlinear Dynamics
or SINDY [15] has been proposed for nonlinear system
identification. A machine learning algorithm, it is used to
find generalizable and interpretable mathematical models of

complex systems directly from observational data. The SINDY
algorithm starts with a library of candidate functions, which
can be chosen to include a variety of nonlinear functions such
as polynomials and trigonometric functions. Through sparse
optimization, SINDY identifies which among these functions
are the most important in describing the system’s dynamics.
The algorithm and its derivatives have been widely applied
in a variety of scientific and engineering domains, and has
been shown to be effective in accurately identifying complex
nonlinear dynamics in a parsimonious manner [15] [16] [17]
[18].

Despite this, SINDY assumes that the state equations are
first order by default and therefore, it cannot be used in the
discovery of fractional equations involving unknown orders
without modifying the original algorithm. This study is thus
aimed at extending the SINDY algorithm to fractional order
systems.

II. PRELIMINARIES

A. Mathematics of the Sparse Identification of Nonlinear

Dynamics and Weak Formulation

In SINDY [15], the underlying dynamics of a system is
represented as a first order system of differential equations in
the form

ẋ(t) = f(x(t)) (1)

where x(t) 2 Rn is the state at time t, and f(x(t)) are the
functions that define the dynamics. To identify the governing
equations, the sparse regression problem

Ẋ = ⇥(X)⌅ (2)

is formulated. In (2), X is an m ⇥ n matrix made up of
measurements of the n states sampled at equidistant points in
time (t1, t2, ..., tm), and Ẋ which is also an m⇥ n matrix, is
composed of the first derivatives of X. Note here that m � n
because there are usually more samples than states.

Meanwhile, ⇥(X) is an m ⇥ j data matrix composed of
candidate nonlinear functions ✓q of the columns of X:

⇥(X) =
⇥
✓1(X) ✓2(X) . . . ✓j(X)

⇤
(3)

The candidate nonlinear functions ✓q are chosen carefully
depending on the application and could be any mathematical
function e.g. polynomials and trigonometric functions. Lastly,
⌅ is made up of the coefficient column vectors ⇠k 2 Rj
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that are calculated using a sparse regression algorithm such
as the Sequentially Thresholded Least Squares introduced in
[15]. The nonzero coefficients of ⇠k 2 Rjs determine which
columns in ⇥(X) are active in the dynamics for the kth state
equation in (1). That is, after ⌅ is obtained, the kth governing
equation is written as

ẋk = ⇥(x)⇠k (4)

where ⇥(x) is a row vector of symbolic functions that
represent the columns of ⇥(X).

One important factor to consider when applying SINDY is
that when directly calculating derivatives from measurement
data, any noise present in the true signal is amplified. More-
over, attempting to eliminate noise before differentiation often
yields unsatisfactory outcomes. In [15], this issue was cir-
cumvented by calculating the derivative through total variation
regularization [19]. Reference [20] adopted a better approach
by performing sparse regression on the resulting equation after
both sides of (2) are integrated which effectively averaged out
the noise. To elaborate, this method entails the transformation
of (2) into

ẊI = ⇥I(X)⌅I (5)

where

ẊI =

2

666666666664

x1(t1)
...

x1(tm)
...

xn(t1)
...

xn(tm)

3

777777777775

�

2

666666666664

x1(t1)
...

x1(t1)
...

xn(t1)
...

xn(t1)

3

777777777775

, (6)

⇥I(X) =

2

6664

⌦(X) 0 . . . 0
0 ⌦(X) . . . 0
...

...
. . .

...
0 0 . . . ⌦(X)

3

7775
, (7)

and

⌅I =
⇥
⇠T
1 ⇠T

1 . . . ⇠T
n

⇤T
(8)

with the superscript T representing the transpose operation.
Lastly in (7),

⌦(X) =

2

664

R t1
t1

✓1(x(⌧)) d⌧ . . .
R t1
t1

✓j(x(⌧)) d⌧
...

. . .
...R tm

t1
✓1(x(⌧)) d⌧ . . .

R tm
t1

✓j(x(⌧)) d⌧

3

775 (9)

Note that this is equivalent to just integrating both Ẋ and the
columns of ⇥(X) without stacking the states and coefficient
vectors, but was written this way for a neater presentation, and
to reflect the discussion in [20].

B. Fractional Differential Equations with Nonhomogeneous

Initial Values

There are several definitions of the fractional derivative,
with the Riemann-Liouville (RL), Grünwald-Letnikov (GL),
and Caputo definitions being among the most studied. Ref-
erences [1] and [21] present a comprehensive discussion of
these definitions and their relationships.

Let D↵ f(t) denote the ↵th order derivative of a function
f(t) when ↵ > 0 or the ↵th repeated integral when ↵ < 0.
When ↵ = 0, D↵ f(t) = f(t). From here onwards, focus will
be on the case when 0 < ↵ < 1 [22]. The time interval for
all fractional operators will also be set to [0, t] for simplicity.
Fractional integrals will be sometimes referred to as fractional
derivatives unless there is a need for distinction between the
two because of the aforementioned properties.

For real physical systems described by fractional differential
equations, the Caputo operator is suitable to use because it
produces meaningful results for initial value problems, and
because the initial values are more likely to be nonhomoge-
neous. The Caputo operator C

0D
↵
t is related to the RL operator

RL
0D

↵
t by the following:

C
0D

↵
t f(t) = RL

0D
↵
t f(t)� r↵0 (t)f(0) (10)

where

r↵0 (t) =
t�↵

�(1� ↵)
(11)

which is a correction term. Since the GL definition is equiv-
alent to the RL definition [1], it can be used to approximate
the Caputo derivative. The GL differintegral, denoted by
GL

0D
↵
t f(t) is given by

GL
0D

↵
t f(t) = lim

h!0

1

h↵

b t
h cX

j=0

(�1)j
✓
↵

j

◆
f(t� jh) (12)

where the subscripts 0 and t denote the time interval, b·c is
the floor operation, and

�↵
j

�
are binomial coefficients obtained

using the gamma function:
✓
↵

j

◆
=

�(↵+ 1)

�(j + 1)�(↵� j + 1)
(13)

Note that the expression for the binomial coefficients in
(13) is responsible for the operator’s dependence on the his-
tory of f(t), or its nonlocal characteristic. This distinguishes
fractional from integer calculus.

As mentioned, (12) is equivalent to the RL derivative. If h
is taken to be very small, the limit can be disregarded and
(12) becomes the GL approximation using finite differences
denoted by GL

0�
↵
t f(t), i.e.

RL
0D

↵
t f(t) = GL

0D
↵
t f(t) ⇡ GL

0�
↵
t f(t)

=
1

h↵

b t
h cX

j=0

(�1)j
✓
↵

j

◆
f(t� jh)

(14)
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In practice, (14) is seldom used directly to find the derivative
because evaluating the gamma function repeatedly is slow. A
recursion is used instead:

GL
0�

↵
t f(t) =

1

h↵

b t
h cX

j=0

(�1)jwjf(t� jh) (15)

where the coefficients

wj =

✓
1� ↵+ 1

j

◆
wj�1 (16)

with
w0 = 1 (17)

It must be noted that for sequential fractional order opera-
tors, the commutative law generally does not hold [23]. One
special case is that when � is an integer, the following is true:

RL
0D

�
t

⇥
RL

0D
↵
t

⇤
f(t) =

d�

dt�
⇥
RL

0D
↵
t

⇤
f(t)

= RL
0D

�+↵
t f(t)

(18)

III. SPARSE IDENTIFICATION FOR FRACTIONAL ORDER
SYSTEMS (SIFOS)

To incorporate fractional order derivatives, the SINDY prob-
lem (2) is reformulated into

⇥
C
0D

↵1
t x1 . . . C

0D
↵n
t xn

⇤
= ⇥(X)⌅ (19)

where the orders of differentiation ↵k 2 (0, 1). This is in the
form of a fractional order state space model discussed in [22].
Using relations (10) and (14) and then integrating both sides
[20] by applying property (18) with � = �1,

⇥
GL

0�
↵1
t x1 . . . GL

0�
↵n
t xn

⇤
�

⇥
r�1+↵1
0 x1(0) . . . r�1+↵n

0 xn(0)
⇤
= ⌦(X)⌅

(20)

where ⌦(X) is the same matrix of the integrals of candidate
nonlinear functions in (9), while the second term is composed
of the correction terms due to the initial conditions, i.e.

r�1+↵k
0 =

⇥
r�1+↵k
0 (t1) . . . r�1+↵k

0 (tm)
⇤T

(21)

Formally, the sparse regression problem for the kth state
can be stated as

(↵k,⇠k) = argmin
(↵̂k,⇠̂k)

kC
0D

�1+↵̂k
t xk �⌦(X)⇠̂kk22

+�k⇠̂kk1
(22)

where k·k22 and |·| represent the squared L2 norm and L1
norm, respectively, while � is a multiplier that penalizes the
complexity of ⇠k.

Note that it is possible and easier to identify the governing
equations for each state independently of the other states. For
the kth state,

⇥
GL

0�
↵k
t xk � r�1+↵k

0 xk(0)
⇤
= ⌦(X)⇠k (23)

Equation (23) allows candidate fractional orders to be
included in the regression problem. Hence, during the iden-
tification process, columns corresponding to candidate values

for ↵k can be added on the lefthand side, with corresponding
additional sparse column vectors on the righthand side, i.e.,
utilizing the Caputo operator for brevity,

⇥
C
0D

↵k1
t xk

C
0D

↵k2
t xk . . .

⇤

= ⌦(X)
⇥
⇠k1 ⇠k2 . . .

⇤ (24)

To identify the system model, STLS [15] is used to solve
for the ⇠ks in (24) simultaneously. The idea behind this is that
assuming that the governing equations of the system are sparse
and that all of the active terms were able to be included in the
library matrix, it is expected that the algorithm will converge
to a solution where the columns corresponding to the candidate
fractional orders that are not close to the true order will not
be sparse. Utilizing new candidate ↵ks that are closer to the
orders of the sparse columns during the previous thresholding,
the regression process is repeated until the algorithm results
in coefficient vectors that meet the required sparsity.

Throughout this process, each set of sparse columns can be
assessed in terms of the fidelity of the corresponding model.
If the required level of accuracy is achieved, the governing
equation for the kth state is given by the most accurate
coefficient vector, and the algorithm is subsequently applied
to the other states. In cases where the required accuracy is not
met, the thresholding process is repeated.

IV. RESULTS AND DISCUSSION

The method was tested on the fractional order
Lorenz system given by (25) with initial conditions
(x1(0), x2(0), x3(0)) = (�5, 1, 20). This well-known
atmospheric model exhibits chaos whose self-intersecting
trajectories present difficulties for identification techniques.
Scilab scripts in [24] were used to generate the state
measurements, which were then corrupted with 2% noise.
The simulation was done over t 2 [0, 5] at 0.001 t-step.

8
><

>:

D0.995x1 = 10(x2 � x1)

D0.995x2 = x1(28� x3)� x2

D0.995x3 = x1x2 � 8
3x3

(25)

The identified equations using SIFOS were:
8
><

>:

D0.995x1 = 10.120x2 � 10.145x1

D0.995x2 = 28.150x1 � 1.085x2 � 1.001x1x3

D0.995x3 = �2.662x3 + 0.997x1x2

(26)

which demonstrates that the method was able to identify the
active terms in the fractional order dynamics.

Fig. 1 shows the resulting trajectory of the SIFOS model.
For comparison, the trajectory of the recovered model using
↵1 = ↵2 = ↵3 = 1 was also plotted; this model was theo-
retically equivalent to the model recovered using the original
SINDY with integral formulation [15] [20]. Both trajectories
were in close agreement with the dataset until around t = 2.5;
however, the SINDY model diverged significantly after that.
Meanwhile, the SIFOS model was much closer to the dataset
in general during the entire simulation, albeit with error that
increased for larger t. This error could be attributed to the
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Fig. 1. Trajectories of the Lorenz dataset (red), the recovered model using SINDY (green), and the recovered fractional order model using SIFOS (black).
The horizontal axis represents time.

inherent memory effect and sensitivity to initial conditions of
the fractional order chaotic system.

V. CONCLUSION

In this paper, the SINDY algorithm has been extended to in-
clude non-integer candidate orders in the optimization process.
This method was used to identify the governing equations of
the fractional order Lorenz system. The results suggest that
sparsity constraints can be a valuable tool for fractional order
system identification; however, memory effects should still be
taken into consideration when using the recovered model for
prediction.

Future studies can be undertaken to improve the accuracy
and speed of solving the sparse regression problem. Other
aspects of fractional systems that were not covered such as
the presence of initialization functions can also be explored.
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